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Plan

@ Geometric pre-quantization equipment

© Bohr-Sommerfeld cycles, Planckian cycles, and Berry bundle

© Half-weights and BPU-mapping

@ Example: moduli space of rank 2 vector bundles on Riemann surface



Pre-quantized symplectic manifold
We consider data set (M, w, [, L, @) that consist of:
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Pre-quantized symplectic manifold
We consider data set (M, w, I, L, ) that consist of:

@ real smooth manifold M of dimension dimg M = 2n

@ smooth closed 2-form w € C* (M, A*T*M) that gives an isomorphism
w:TM > TM

Alexey Gorodentsev (Bogomolov's Lab, HSE) ALAG St. Petersburg, September 2014 3/19



Pre-quantized symplectic manifold
We consider data set (M, w, I, L, ) that consist of:

@ real smooth manifold M of dimension dimg M = 2n

@ smooth closed 2-form w € C* (M, A*T*M) that gives an isomorphism
w:T™M > T*M

@ complex structure (possibly non-integrable) I : TM — TM , I* = —Id,
such that w(lv,Iw) = w(v,w) and g(v,w) & w(lv,w) is positive
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Pre-quantized symplectic manifold
We consider data set (M, w, I, L, @) that consist of:

@ real smooth manifold M of dimension dimg M = 2n

@ smooth closed 2-form w € C* (M, A*T*M) that gives an isomorphism
w:TM > T*M

@ complex structure (possibly non-integrable) I : TM — TM , I* = —Id,
such that w(lv,Iw) = w(v,w) and g(v,w) & w(lv,w) is positive

@ smooth Hermitian line bundle L over M such that
[w] = 2mc; (L) € 2 - H*(M,Z) c H*(M,R) . We write P c L for the
principal U;-bundle of unit circles in L and u = 2 d /9t for vertical U;-
invariant vector field on P whose flow turns round about a fiber of P in
the unit time.
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Pre-quantized symplectic manifold
We consider data set (M, w, I, L, @) that consist of:

@ real smooth manifold M of dimension dimg M = 2n

@ smooth closed 2-form w € C®(M, A°T*M) that gives an isomorphism
w:T™M > T*M

@ complex structure (possibly non-integrable) I : TM — TM , I’ = —Id,

def

such that w(lv,Iw) = w(v,w) and g(v,w) & w(lv,w) is positive

@ smooth Hermitian line bundle L over M such that
[w] = 2mc; (L) € 2m- H>(M,Z) c H?>(M,R) . We write P c L for the
principal U;-bundle of unit circles in L and u = 27 d /0t for vertical U;-
invariant vector field on P whose flow turns round about a fiber of P in
the unit time.

@ Hermitian connection a € C* (P, T*P) : Lie,a =0, a(u) = 1. It provides
L with covariant differentiation of local sections over open U ¢ X
Vo :CP(U,L) - C¥(U,T"M ® L), which takes an unitary section
6:USPcL to Voo 2ié ®o,where &, & o"aeC®(UTX).
Thus, the compatibility @ = d¢_ = w.
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Digression: on flat hermitian connections

Given a Hermitian line bundle L on arbitrary smooth variety X, a Hermitian
connection a on L is called flat if w, & d¢_ = 0. Associated with flat a are:
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Digression: on flat hermitian connections
Given a Hermitian line bundle L on arbitrary smooth variety X, a Hermitian
connection a on L is called flat if w, & d¢_ = 0. Associated with flat a are:
@ conjugation class of character y , : m;(X) — U, that sends a loop y to
the rotation of fiber of L at a base point under the horizontal
displacement along y (horizontality of section fo < dInf = —i¢ )
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Digression: on flat hermitian connections

Given a Hermitian line bundle L on arbitrary smooth variety X, a Hermitian
connection a on L is called flat if w, & d¢_ = 0. Associated with flat a are:
@ conjugation class of character y, : 7;(X) — U, that sends a loop y to
the rotation of fiber of L at a base point under the horizontal
displacement along y (horizontality of section fo & dInf = —i¢ )

o cohomology class [x,] € H'(X,U,) represented by a Cech cocycle
provided by transition functions between local horizontal unitary
trivializations of L; it is annihilated by the red arrow in

H'(X,Z) > H'(X,R) - H (X, U;) - H*(X,Z)
coming from the exponential exact triple of coefficients

t—exp 2mit
0-Z-R—U; > 1.
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Digression: on flat hermitian connections

Given a Hermitian line bundle L on arbitrary smooth variety X, a Hermitian
connection a on L is called flat if w, & d¢_ = 0. Associated with flat a are:
@ conjugation class of character y, : 7;(X) — U, that sends a loop y to
the rotation of fiber of L at a base point under the horizontal
displacement along y (horizontality of section fo & dInf = —i¢ )

o cohomology class [x,] € H'(X,U,) represented by a Cech cocycle
provided by transition functions between local horizontal unitary
trivializations of L; it is annihilated by the red arrow in

H'(X,Z) > H'(X,R) - H (X, U;) - H*(X,Z)
coming from the exponential exact triple of coefficients

t—exp 2mit
0-Z-R—U; > 1.

Equivalence classes of flat hermitian connections on L w.r.t. the action of
gauge group C*(X,U)) stay in bijection with the conjugation classes of

unitary characters m;(X) - U; and with the points of the real Jacobian torus
Jx © H'(X,R)/2n-H' (X, 7).
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Lagrangian cycles

Fix smooth real n-dimensional compact oriented manifold S and a homotopy

class Map 5 (S,M) of smooth maps ¢ : § - M such that ¢*(w) = 0. Factor
space

£ % Map, 5 (S, M) /Diff ()
is called a space of Lagrangian cycles (of fixed topological type).
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Lagrangian cycles
Fix smooth real n-dimensional compact oriented manifold S and a homotopy
class Map 5 (S,M) of smooth maps ¢ : § > M such that ¢*(w) = 0. Factor

space
£ = Mapy A (S,M)/Diffy(S)

is called a space of Lagrangian cycles (of fixed topological type).

Basic example: cotangent bundle
Let M =T*S, w = dn, where 7 is the universal 1-form such that

VEECT(S,TS) &= SE1

where sz : § © T"S is the section provided by ¢. The fibers of 7°S » § and
the zero section sy : § © TS are Lagrangian. Arbitrary section sg : S© T"S
given by 1-form ¢ = s'n is Lagrangian iff ¢ is closed, because

Sgw = sfdn = dsfn =da.
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Darboux — Weinstein uniformisation of £
Claim
Near a smooth immersion ¢ : S & M the space of Lagrangian cycles £ is an

(infinite dimensional) smooth manifold locally modeled by some open
neighborhood U of the zero in a vector space ZéR(S) of closed 1-forms on S.

Classical results of A. Weinstein show that
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Darboux — Weinstein uniformisation of £
Claim
Near a smooth immersion ¢ : S & M the space of Lagrangian cycles £ is an

(infinite dimensional) smooth manifold locally modeled by some open
neighborhood U of the zero in a vector space ZéR(S) of closed 1-forms on S.

Classical results of A. Weinstein show that

@ Any smooth immersion ¢ : S © M can be extended to a smooth
immersion § : U < M of some open tube neighbor U c T*S about the
zero section of the cotangent bundle in such a way that " w = dn is
the standard symplectic form on 7*S.
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Darboux — Weinstein uniformisation of £
Claim

Near a smooth immersion ¢ : S & M the space of Lagrangian cycles £ is an
(infinite dimensional) smooth manifold locally modeled by some open
neighborhood U of the zero in a vector space ZéR(S) of closed 1-forms on S.

Classical results of A. Weinstein show that

@ Any smooth immersion ¢ : S © M can be extended to a smooth
immersion § : U < M of some open tube neighbor U c T*S about the
zero section of the cotangent bundle in such a way that " w = dn is
the standard symplectic form on 7*S.

@ LetUc ZéR(S) = T48 be the set 1-forms a on S whose graphs 'y, ¢ T*S
lie in U. Then the previous extension leads to a smooth exponential
mapping exp : U - & sending such a form a to Lagrangian cycle
P(y) © M laying near ¢(S).
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Darboux — Weinstein uniformisation of £

Claim

Near a smooth immersion ¢ : S & M the space of Lagrangian cycles £ is an
(infinite dimensional) smooth manifold locally modeled by some open
neighborhood U of the zero in a vector space ZéR(S) of closed 1-forms on S.

Classical results of A. Weinstein show that

@ Any smooth immersion ¢ : S © M can be extended to a smooth
immersion § : U < M of some open tube neighbor U c T*S about the
zero section of the cotangent bundle in such a way that " w = dn is
the standard symplectic form on 7*S.

@ LetUc ZéR(S) = T48 be the set 1-forms a on S whose graphs 'y, ¢ T*S
lie in U. Then the previous extension leads to a smooth exponential
mapping exp : U - & sending such a form a to Lagrangian cycle
P(y) © M laying near ¢(S).

@ The image of the exponential mapping contains an open neighborhood
of ¢ in appropriate topology on £.
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Bohr — Sommerfeld cycles
Pull back ¢*L of pre-quantization bundle along any Lagrangian immersion

@ : S < M is a flat Hermitian line bundle on S, because of - = ¢*w =0.

Definition

Immersed Lagrangian cycle ¢ : S < M is called Bohr — Sommerfeld if ¢*L
admits a global horizontal trivialization, i.e. Kpeal €Js = H'(S,R)/H'(S,Z)
vanishes. We write 38 c £ for the locus of Bohr - Sommerfeld cycles.

Thus, B c  is the zero set of section ¢ — [,,.,] of the trivial Jacobian bundle
2xJg over £ with fiber J¢ and has finite expected codimensinon

ex.codimg®B = b,;(S) = dimH! (X,R).
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Bohr - Sommerfeld cycles
Pull back ¢*L of pre-quantization bundle along any Lagrangian immersion

@ : S < M is a flat Hermitian line bundle on S, because of - = ¢*w =0.

Definition

Immersed Lagrangian cycle ¢ : S < M is called Bohr — Sommerfeld if ¢*L
admits a global horizontal trivialization, i.e. Kpeal €Js = H'(S,R)/H!(S,Z)
vanishes. We write B8 c € for the locus of Bohr - Sommerfeld cycles.

Thus, B c L is the zero set of section ¢ - Xpral of the trivial Jacobian bundle
2xJg over £ with fiber J¢ and has finite expected codimensinon

ex.codimg®B = b,;(S) = dimH! (X,R).

We expect a finite number of Bohr — Sommerfeld cycles in a generic n-
dimensional family of n-dimensional Lagrangian tori 7". In particular,
generic Lagrangian toric fibration M -» 4 c R" (i.e. a completely integrable
system) should have a finite number of Bohr - Sommerfeld fibres.
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Planckian cycles and Berry bundle

A Planckian cycle @ : S & P is a smoothly immersed Bohr — Sommerfeld cycle
@ : S © M together with fixed horizontal unitary section of ¢*L, which can
be viewed as Legendrian embedding @ : S < P w.r.t. contact structure a on P:
PcL
= A
2l
/
S——M.

Space of Planckian cycles B is a principal U;-bundle over the space of Bohr -
Sommerfeld cycles. It is called Berry bundle and denoted by  : B - 3.
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Planckian cycles and Berry bundle

A Planckian cycle @ : S & P is a smoothly immersed Bohr — Sommerfeld cycle
@ : S © M together with fixed horizontal unitary section of ¢*L, which can
be viewed as Legendrian embedding @ : S © P w.r.t. contact structure @ on P:
PcL
)
/
Space of Planckian cycles $B is a principal U;-bundle over the space of Bohr —
Sommerfeld cycles. It is called Berry bundle and denoted by  : B - 3.

Claim

Near a smooth embedding @ : S © M the space of Planckian cycles B is a
smooth manifold locally modeled by some open neighborhood of zero in the
vector space C”(S,R), of smooth real functions on S, which is canonically
identified with the tangent space 7.
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Darboux — Weinstein uniformizations of ¢ and B

Extend underlying Bohr - Sommerfeld cycle ¢ =po® : § - M to symplectic
immersion @ : U —» M of a tube neighborhood U c T*S of the zero section and
write o : U < P for the unique unitary trivialization that coincides with @
over zero section and has the universal action form on 7S as the connection
1-form: ¢ =0"¢ a =17. Restriction of ho € C*(U,§"P) onto Lagrangian
cycle s;: S U (i.e. graph I'; of a closed 1-form ¢ € ZIIDR(S’ R)) is horizontal
iff din(sih) =—is;é, =—is;n=—i{. Writing s;h=e7*¢ for g€ C*(S,R),
we get { =dg.
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Darboux — Weinstein uniformizations of B and B

Extend underlying Bohr - Sommerfeld cycle ¢ =po® : § - M to symplectic
immersion @ : U —» M of a tube neighborhood U c T*S of the zero section and
write o : U < P for the unique unitary trivialization that coincides with @
over zero section and has the universal action form on 7S as the connection
1-form: ¢ =0"¢ a =17. Restriction of ho € C*(U,§"P) onto Lagrangian
cycle s;: S U (i.e. graph I'; of a closed 1-form ¢ € ZIIDR(S’ R)) is horizontal
iff din(sih) =—is;é, =—is;n=—i{. Writing s;h=e7*¢ for g€ C*(S,R),
we get { =dg.

Darboux — Weinstein's coordinate on B near @ takes smooth function
g € C*(S,R) such that graph I'y, of exact 1-form dg lies in U to Bohr -

dg
o, = e_"«"0|rdg . Near a smooth immersion ¢ : S © M the space of Bohr -
Sommerfeld cycles 8B is a smooth manifold locally modeled by open
neighborhood of zero in the vector space of exact 1-forms on S, which is
canonically identified with 7,8. The differential of the Berry bundle

m: P » Btakes g - dg.
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Sommerfeld cycle & (F ) equipped with a horizontal unitary section




Pseudo-holomorphic line bundles and the canonical class

Complex structure [ : TM - TM, I? = —Id, leads to decomposition
CITM =T MDT_M, where T ME{veTM|Iv=+v}.

Thus, we have pseudo holomorphic functions f :+ M — C, whose differentials
annihilate T_M, and the canonical line bundle K = A"T,M . Hermitian line
bundle L on M inherits pseudo-holomorphic structure, which produces vector
space of pseudo holomorphic sections HIO(M, L).
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Pseudo-holomorphic line bundles and the canonical class

Complex structure [ : TM - TM, I? = —Id, leads to decomposition
CITM =T MDT_M, where T ME{veTM|Iv=+v}.

Thus, we have pseudo holomorphic functions f :+ M — C, whose differentials
annihilate T_M, and the canonical line bundle K = A"T,M . Hermitian line
bundle L on M inherits pseudo-holomorphic structure, which produces vector
space of pseudo holomorphic sections H?(M, L).

Claim 1

The restriction of symplectic form w onto the tangent cone C,V to any
pseudo holomorphic subvariety V ¢ M at any point x € V is
non-degenerated: V non-zerove C,V 3JueC.V:wlu) #0.
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Pseudo-holomorphic line bundles and the canonical class

Complex structure [ : TM - TM, I? = —Id, leads to decomposition
CITM =T MDT_M, where T ME{veTM|Iv=+v}.

Thus, we have pseudo holomorphic functions f :+ M — C, whose differentials
annihilate T_M, and the canonical line bundle K = A"T,M . Hermitian line
bundle L on M inherits pseudo-holomorphic structure, which produces vector
space of pseudo holomorphic sections H?(M, L).

Claim 1

The restriction of symplectic form w onto the tangent cone C,V to any
pseudo holomorphic subvariety V ¢ M at any point x € V is
non-degenerated: V non-zerove C,V 3JueC.V:wlu) #0.

Claim 2

Non-zero pseudo holomorphic section of any pseudo holomorphic line
bundle on M can not vanish identically along a Lagrangian cycle.

.
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Half-weights

Assume that c¢; (L) ~ ¢;(K) are proportional and there exists a pseudo holo-
morphic line bundle W = /L ® K such that we? = LK. Then ¢*W is topo-
logically trivial for any Lagrangian immersion ¢ : S M and each Planckian
lift : S & @ P of ¢ produces non-degenerate pairing

0,:CT(S, "W)X CO(S, 0" W) - C=(S,90*K)

defined by prescription WQ®W 3{, ®{, =0®10,({,,{,) ELRK.
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Half-weights

Assume that c¢; (L) ~ ¢;(K) are proportional and there exists a pseudo holo-
morphic line bundle W = /L ® K such that we? = LK. Then ¢*W is topo-
logically trivial for any Lagrangian immersion ¢ : S M and each Planckian
lift : S & @ P of ¢ produces non-degenerate pairing

0,:CT(S, "W)X CO(S, 0" W) - C=(S,90*K)
defined by prescription WQ®W 3{, ®{, =0®10,({,,{,) ELRK.

Definition

A half-weight on (S,0) is a smooth global section » : S © ¢*W such that
u(U) & fU.QS(H,H) is a positive measure on M that belongs to the Radon-
Nikodym equivalence class of measures provided by the structure of a
smooth manifold on M.
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Half-weighted Plankian cycles

We write 5" for the space of half-weighted Planckian cycles. Thus, a point
hw . .
of B is a triple (¢, 0,%), where
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Half-weighted Plankian cycles
We write 5" for the space of half-weighted Planckian cycles. Thus, a point

of iBhW is a triple (¢,0,%), where

@ ¢:55 MisalLagrangian immersion
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Half-weighted Plankian cycles

We write 5" for the space of half-weighted Planckian cycles. Thus, a point
hw . .
of B is a triple (¢, 0,%), where

@ ¢:55 MisalLagrangian immersion

@ 0:5 % ¢"Pis global horizontal unitary trivialization of L over §
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Half-weighted Plankian cycles

We write 5" for the space of half-weighted Planckian cycles. Thus, a point
hw . .
of B is a triple (¢, 0,%), where

@ ¢:55 MisalLagrangian immersion
@ 0:5 % ¢"Pis global horizontal unitary trivialization of L over §
@ x:55 @*W is a half-weight on S.

Alexey Gorodentsev (Bogomolov's Lab, HSE) ALAG St. Petersburg, September 2014 12/19



Half-weighted Plankian cycles

We write 5" for the space of half-weighted Planckian cycles. Thus, a point
of B™ is a triple (¢,0,%), where

@ ¢:5% M is alagrangian immersion

@ 0:5 % ¢"Pis global horizontal unitary trivialization of L over §

@ x:55 @*W is a half-weight on S.

Claim

B™ is locally modeled by a neighborhood of zero in the space (S, C) of
smooth functions ¥ =1, +i,, P, , € C¥(S,R) . Complex Darboux -
Weinstein coordinate near (¢,0,) takes 9 to the graph Iy, of exact 1-

def

form dy, equipped with a horizontal unitary section o, = e‘ilp20|rw and
2

def

half-weighted by »,, = eVin.
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Bortwick — Paul = Uribe map

Bortwick — Paul — Uribe map S : ‘Bhw — H(M, W) is composed from a map
‘Bhw — H(M,W)", which takes half-weighted Planckian cycle (¢,0,%) to

C-linear functional B oo HOM, W) > C, o+ /SQU(K,Q) , followed by C-
anti-linear isomorphism H(M,W)" = H°(M, W) provided by the Hermitian
form on W. It has following remarkable properties:
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Bortwick — Paul = Uribe map

Bortwick — Paul — Uribe map S : iBhW — H(M, W) is composed from a map
‘Bhw — H(M,W)", which takes half-weighted Planckian cycle (¢,0,%) to

C-linear functional B HOM, W) > C, o+ /SQU(H,Q), followed by C-
anti-linear isomorphism H(M,W)" = H°(M, W) provided by the Hermitian
form on W. It has following remarkable properties:

@ Being computed in the Darboux — Weinstein coordinates, its
differential dB : ¢*(S,C) » H(M, W) is C-linear
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Bortwick — Paul — Uribe map

Bortwick — Paul — Uribe map S : B — H(M, W) is composed from a map
iBhW — H(M,W)", which takes half-weighted Planckian cycle (¢,0,%) to
C-linear functional B o0 HOM, W) > C, o+ /QU(H,Q), followed by C-

Js
anti-linear isomorphism H(M,W)" = H°(M, W) provided by the Hermitian

form on W. It has following remarkable properties:

@ Being computed in the Darboux — Weinstein coordinates, its
differential dB : ¢*(S,C) » H(M, W) is C-linear

@ Hamiltonian reduction of 8 w.r.t. U;-action leads to a map
n. hw _ hw 0 *\ 0 *
BB /U =B > P(H (M W)') =H' M, W)"//U,

from the space of half-weighted Bohr — Sommerfeld cycles B of fixed
volume ¢t = /% to the space of conformal blocks of the Kahler

S
quantization of (M, w).
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Moduli space of rank 2 bundles on a Riemann surface

Write 2; for a Riemann surface 2 of genus g > 2 equipped with (integrable)
complex structure J. By the Narasihan — Seshadri — Donaldson theorem, as-
sociated with topologically trivial complex vector bundle E - ¥ of rkE =2

is the moduli space M = M (2,0,2,) that parametrizes geometric objects of 3
different types:
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Moduli space of rank 2 bundles on a Riemann surface

Write 2; for a Riemann surface 2 of genus g > 2 equipped with (integrable)
complex structure J. By the Narasihan — Seshadri — Donaldson theorem, as-
sociated with topologically trivial complex vector bundle E - ¥ of rkE =2

is the moduli space M = M (2,0,2,) that parametrizes geometric objects of 3
different types:

@ structures of stable holomorphic vector bundle E - X; up to
holomorphic isomorphism of holomorphic vector bundles
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Moduli space of rank 2 bundles on a Riemann surface

Write 2, for a Riemann surface X of genus g > 2 equipped with (integrable)
complex structure J. By the Narasihan - Seshadri — Donaldson theorem, as-
sociated with topologically trivial complex vector bundle E - ¥ of rkE =2

is the moduli space M = M (2,0,2,) that parametrizes geometric objects of 3
different types:

@ structures of stable holomorphic vector bundle E - X; up to
holomorphic isomorphism of holomorphic vector bundles

@ indecomposable flat Hermitian connections on E compatible with J up
to €*(2,SU,)-gauge
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Moduli space of rank 2 bundles on a Riemann surface

Write 2, for a Riemann surface X of genus g > 2 equipped with (integrable)
complex structure J. By the Narasihan - Seshadri — Donaldson theorem, as-
sociated with topologically trivial complex vector bundle E - ¥ of rkE =2

is the moduli space M = M (2,0,2,) that parametrizes geometric objects of 3
different types:

@ structures of stable holomorphic vector bundle E - X; up to
holomorphic isomorphism of holomorphic vector bundles

@ indecomposable flat Hermitian connections on E compatible with J up
to €*(2,SU,)-gauge

@ irreducible representations ¢ : ;(2) - SU, up to conjugation
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Prequantization equipment of the moduli space

The first description provides M with integrable Kahler structure I = I(J)
depending on J. As a Kahler manifold M has dim¢9M = 3¢ — 3. Fibers of
holomorphic tangent and cotangent bundles on 9 at a given point E are

T =H!(Z,Ad(E)), T, =AdEEQK;)

The Picard group Pic(f) = 7Z- L is generated by ample holomorphic line bun-
dle £ & 04 (@) associated with non-abelian theta-divisor

0« {Eem|H’(Z,E(g— 1)) #0}.

The second description equips M with symplectic structure induced via
Hamiltonian reduction (w.r.t. the gauge group ¢*(Z,SU,) and the moment
map provided by the curvature) from the canonical 2-form on the space of

SU;-connections:  w(¢,,¢,) = /tr(€1 A§y), where &, €CT (2T EQsuy)

and tr means the contraction W|th the Killing form on su,.
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Goldman's real polarization

The third description leads to the completely integrable structure on 9.
Each simple loop y : §' = X produces Hamiltonian H, : M - [0,1],
o~ arccos (tr(o(y))/2), where g : w;(Z) - SU,. Goldman has shown that
{Hy, Hy },, =0 for non-isotopic non-intersecting simple loops y; , € 7;(2).

Each collection y,,y,,...,¥;3,_; of 3g =3 loops cutting X into pants produces
Lagrangian fibration I' : M - A c [0,]]3g—3 whose Delzant polyhedron 4 is

restricted by triangle inequalities /; —h; <y < h;+h; written for all triples
of loops y;, Vi Vi that do bound some pants.
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Graph of pant decompositions

Complete systems of Goldman's Hamiltonians stay in bijection with pant
decompositions and form the vertexes of graph whose edges are elementary

regluings in pairs of adjacent pants
— (@D
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Generalized Knizhnik — Zamolodchikov correspondence
Bohr — Sommerfeld fibers of Goldman's fibration I' : It -» A c [0,1]3g—3 w.r.t.
pre — quantization bundle L = £2% are those lying over 4N (Z/k)3g_3. The
Bortwick — Paul — Uribe map associates with each Bohr — Sommerfeld fiber a
holomorphic section of £8* defined up to a constant factor. These sections
form a basis in the space of conformal blocks PH’(9, £).

When J runs through the moduli space M, of algebraic curves of genus g
conformal blocks PH?(2t, £) fill projective bundle P - M, . Each vertex of
the graph of pants provides P with flat connection whose horizontal sections
are those coming from Bohr — Sommerfeld fibers of Goldman's fibration.

v

Each J € M, equips the edges of the graph of pants with transition matri-
ces between Bohr — Sommerfeld bases in PH(9, £) coming from Goldman's
fibrations staying at the joined vertexes. These matrices produce «discrete
field theory» of Wess — Zumino — Witten type.

v
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THANKS FOR YOUR ATTENTION!!

Alexey Gorodentsev (Bogomolov"
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